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APPLICATION OF RUNGE KUTTA TIME MARCHING SCHEME FOR THE COMPUTATION OF Numerical s o l u t i o n s cjf t h e unsteady Euler equations a r e obtalned uslng t h e c l a s s l c a l f o u r t h order Runge K u t t a time marching scheme. This method I s f u l l y e x p l l c l t and i s a p p l l e d t o t h e governlng equations I n t h e f i n i t e volume, cons e r v a t l o n law form. I n order t o determlne t h e e f f i c l e n c y o f t h i s scheme f o r s o l v l n g turbomachlnery flows, steady blade-to-blade s o l u t i o n s a r e obtained f o r compressor and t u r b i n e cascades under subsonic and transonic f l o w c o n d l t l o n s . Computed r e s u l t s a r e compared w i t h o t h e r numerlcal methods and cascade tunnel measurements. The present study a l s o focuses on other Important numerical aspects i n f l u e n c i n g the performance o f t h e a l g o r i t h m and t h e s o l u t l o n accuracy such as g r l d types, boundary condltlons, and a r t i f l c i a l v i s c o s i t y . For t h i s purpose, H, 0, and C type computational g r i d s as w e l l as c h a r a c t e r i s t l c and e x t r a p o l a t i o n type boundary conditions are included I n t h e s o l u t i o n procedure.
I N T R O D U C T I O N
A broad spectrum o f f l o w c o n d l t l o n s are encountered a t varlous stages o f a modern gas t u r b l n e engine operatlonal cycle. These c o n d i t i o n s a r e h i g h l y complex and a r e s i g n l f l c a n t l y d i v e r s i f i e d from one component t o t h e other. Development o f a n a l y t i c a l t o o l s c l o s e l y representing t h e Important f l o w feat u r e s I s a necessary step f o r e f f l c l e n t deslgn, operation, and performance improvements. Due t o t h e l a c k o f computlng resources and l l m l t a t l o n s o f t h e e x i s t i n g a n a l y t l c a l methods, no s l n g l e study can hope t o p r o v l d e a l l t h e i n f o rmation and answers t o t h e complete needs and s a t l s f a c t l o n o f t h e deslgn engineer. Hence, development o f numerlcal methods I s customarlly c a r r l e d o u t I n stages, u l t i m a t e l y hoping t o produce a model representing t h e gas t u r b i n e f l o w f i e l d as r e a l i s t i c a l l y as possible.
The purpose o f the present study I s t o develop a f a s t and accurate E u l e r cascade computer f l o w code t h a t can be used f o r t h e deslgn and performance improvements o f c r l t i c a l gas t u r b i n e englne components such as compressors and t u r b i n e s . Development o f t h e s o l u t i o n procedure i s based on t h e Jameson's f o u r t h order Runge K u t t a numerlcal l n t e g r a t l o n scheme ( r e f . 1 ) . This scheme has been s u c c e s s f u l l y a p p l i e d and shown t o y i e l d f a s t r e s u l t s w i t h good accuracy f o r e x t e r n a l aerodynamic f l o w problems. Other major advantages t h a t -'Senlor Research Engineer, Aerodynamic Design Group.
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prompted t h e authors t o apply t h i s method f o r i n t e r n a l turbomachinery flows a r e t h e s i m p l i c i t y and s t r a i g h t f o r w a r d implementation procedure, Independence o f t h e steady-state s o l u t i o n on t h e time step taken and t h e v e c t o r i z a b l e nature of t h e scheme.
. The numerical r e s u l t s obtained i n t h i s study address several important issues r e l a t e d t o t h e performance of t h e present method compared t o t h e o t h e r schemes t h a t e x i s t I n t h e l i t e r a t u r e f o r cascade f l o w s ( r e f s . 2 t o 8). These issues i n c l u d e s o l u t i o n convergence, mass and t o t a l pressure conservation, g r i d types such as H, 0, and C, boundary c o n d i t i o n methods, and i n f l u e n c e o f f l o w geometry v a r i a t i o n such as compressors and t u r b i n e s .
GOVERNING EQUATIONS AND NUMERICAL INTEGRATION SCHEME
The Euler equations governing t h e two-dimensional i n v i s c i d flows can be w r i t t e n i n t h e i n t e g r a l form as where AR i s the f l o w domain, R i s the f l o w boundary, x and y a r e t h e Cartesian coordinates. The vectors U, F and G I n equatlon (1) a r e 
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Here, p, u, v, p, E, and H a r e the density, v e l o c i t y components i n t h e x and y d i r e c t i o n s , pressure, t o t a l energy, and t o t a l enthalpy r e s p e c t i v e l y . For a p e r f e c t gas
where y i s t h e s p e c i f i c heat r a t i o . Approximation t o equation (1) leads t o f i n i t e volume numerical method i n conservation form.
Runge K u t t a I n t e g r a t i o n Scheme
The f l o w domain i s d i v i d e d i n t o a number of small f i n i t e volume ( f i n i t e area i n two dimensions) computational c e l l s and the numerical approximation of equation (1) i s a p p l i e d t o each c e l l separately. This procedure leads t o a system o f o r d i n a r y d i f f e r e n t i a l equations o f the form 2 which can be solved by any number o f i n t e g r a t i o n schemes.
i s t h e c e l l area, Q i s t h e s p a t i a l d i f f e r e n c i n g operator and D(U) i s t h e added a r t i f i c i a l d i s s i p a t i v e term t o supress numerical i n s t a b i l i t i e s i n t h e region o f very l a r g e f l o w v a r i a t i o n s . a p p l i e d t o t h e x momentum component f o r example, i s ( w i t h t h e d i s s i p a t i v e term omitted f o r s i m p l i c i t y ) I n t h i s equation, AA
The exact form o f equation ( 5 ) and so on.
Equation ( 5 ) i s i n t e g r a t e d using t h e modified f o u r stage Runge K u t t a scheme i n which t h e d i s s i p a t i v e terms a r e f r o z e n a t t h e values o f t h e f i r s t
stage. The values a t t h e time l e v e l "n'I are then updated t o t h e new time l e v e l IIn + 1" i n t h e f o l l o w i n g f o u r stages: 
s included i n t h e exact f a s h i o n described by Jameson
( r e f . 1).
BOUNDARY CONDITIONS
With reference t o f i g u r e 2, t h e r e a r e f o u r types o f boundaries t h a t cons t i t u t e the f l o w r e g i o n and r e q u i r e s p e c i a l treatment. boundary AH, t h e o u t f l o w boundary DE, t h e s o l i d -w a l l boundaries (BC and GF), and t h e p e r i o d i c boundaries AB, CD, HG, and FE. The a p p r o p r i a t e s e t o f c o n d i t i o n s f o r each o f these boundaries i s described below. These a r e the i n f l o w I n f l o w and o u t f l o w boundary c o n d i t i o n s used I n t h i s study were t h e chara c t e r i s t i c and e x t r a -p o l a t i o n type. I f t h e f l o w i s subsonic t h e r e w i l l be t h r e e incoming ( r i g h t running) c h a r a c t e r i s t i c s and one outgoing ( l e f t running) c h a r a c t e r i s t i c a t the i n f l o w w h i l e t h e opposite i s t r u e a t t h e o u t f l o w boundary where t h e r e a r e t h r e e outgoing ( r i g h t running) c h a r a c t e r i s t i c s and one incoming ( l e f t running) c h a r a c t e r i s t i c .
v a r i a n t from t h e i n t e r i o r t o t h e i n l e t . For e x t r a p o l a t i o n type, the s t a t i c pressure I s extrapolated f r o m t h e i n t e r i o r c e l l t o t h e i n f l o w . 
t i o n t o t h e t h r e e c o n d i t i o n s mentioned above. A t t h e o u t f l o w boundary, t h e one p h y s i c a l c o n d i t i o n s p e c i f i e d i s t h e s t a t i c pressure corresponding t o the desired e x i t Mach number.
The t h r e e numerical c o n d i t i o n s come from e x t r a p o l a t i n g t h e downstream running Riemann I n v a r i e n t , the y -v e l o c i t y component v and t h e t o t a l energy E. F o r supersonic a x i a l outflow, t h e s t a t i c e x i t pressure i s a l s o e x t r a p o l a t e d f r o m t h e i n t e r i o r p o i n t .
On the blade surface, t h e "zero f l u x l l c o n d i t i o n s a r e imposed. However, 
f o r e s t i m a t i n g t h e c o n t r i b u t i o n s t o t h e momentum equations due t o t h e pressure terms, we need t o evaluate t h e pressure on t h e blade surfaces. pressure g r a d i e n t a t t h e boundary c e l l centers i s determined by t h e same fashi o n described i n reference 1. E x t r a p o l a t i o n using t h e pressure g r a d i e n t and t h e pressure a t t h e c e l l center determines t h e pressure a t t h e w a l l .

The normal The p e r i o d i c i t y i s imposed by s e t t i n g t h e f l o w v a r i a b l e s i n t h e c e l l tent e r s t h a t l i e w i t h i n the computational domain equal t o t h e corresponding peri o d i c c e l l s t h a t l i e o u t s i d e t h e computational domain. For example ( w i t h reference t o f i g . 2 ) , t h e unknown f l o w q u a n t i t i e s i n t h e c o n t r o l volumes t h a t l i e immediately above t h e p e r i o d i c boundaries AB and CD a r e s e t equal t o the corresponding c e l l values t h a t l ? e immediately above t h e p e r i o d i c boundaries HG and FE whose values a r e known f r o m t h e i n t e r i o r p o i n t c a l c u l a t i o n s . A d d i t i o n a l d e t a i l s on t h e implementation o f these boundary c o n d i t i o n s can
l d I n t h i s r e g i o n . The numerical schemes t r e a t t h e l e a d i n g edge w i t h "cusps"
for solution convergence which is not present in the actual airfoil.
The treatment of leading and trailing edges with artificial cusps for numerical convenience is a common feature while computatlng flows with sheared II H I1 type grids as done in the previous test cases. This is particularly true for cascades with high incidence, large flow turning, and thick leading/ trailing edge profiles. Numerical results obtained with "HI1 grids are often inaccurate and misleading in these important flow regions. For improved accuracy, it is preferred that computations be performed on body fitted orthogonal or near orthogonal I1C1I or 11011 type grids (ref. 11 ). To illustrate this point, the surface Mach numbers calculated on a I1CI1 grid for the same test case of figure 7 are compared with the test data and this is shown in figure 9 . It can be seen that the agreement is excellent and far improved near the leading and trailing edges compared to the "H1I grid results. Figure 10 shows an AVCO rotor blade and the llC1l type computational mesh for which numerical solutions were obtained. This case was particularly chosen t o t e s t t h e a b i l i t y o f t h e present code t o c a l c u l a t e transonic flows through t u r b i n e blade passages w i t h h i g h f l o w incidence, l a r g e t u r n i n g , and t h i c k blade p r o f i l e s a t t h e leading and t r a i l i n g edges. Mach number contours near t h e leading edge reglon i s shown i n f i g u r e 11 t o i l l u s t r a t e t h e q u a l i t y o f r e s u l t s t h a t can be obtained on a present method. Computed surface Mach numbers are p l o t t e d i n f t g u r e 12 along w i t h t h e numerical r e s u l t s o f reference 3. The agreement between t h e two methods are very good except near t h e shock l o c a t i o n where t h e present method p r e d i c t s a peak value o f 1.108 compared w i t h 1.152 obtained by t h e Denton's code ( r e f . 3).
llC1l g r i d w i t h t h e
The V K I gas t u r b i n e r o t o r blade and t h e computational g r i d s on which t r a nsonic f l o w s o l u t i o n s were obtained i s p i c t u r e d i n f i g u r e 13. Figure 14 compares t h e p r e d i c t i o n s o f surface Mach numbers w i t h t e s t data obtained from two d i f f e r e n t cascade tunnels and two d i f f e r e n t e x i t f l o w conditions. The agreement between t h e present c a l c u l a t i o n s and t h e two sets o f t e s t data i s excell e n t e s p e c i a l l y f o r t h e case corresponding t o e x i t Mach number o f 1.19. 
